Second harmonic generation (SHG) with a material of large transparency is an attractive way of generating coherent light sources at exotic wavelength range such as VUV, UV and visible light. It is of critical importance to improve nonlinear conversion efficiency in order to find practical applications in quantum light source and high resolution nonlinear microscopy, etc. Here an enhanced SHG with conversion efficiency up to 10 −2 % at SH wavelength of 282 nm under 11 GW/cm 2 pump power via the excitation of anapole in lithium niobite (LiNbO3, or LN) nanodisk through the dominating d33 nonlinear coefficient is investigated. The anapole has advantages of strongly suppressing far-field scattering and well-confined internal field which helps to boost the nonlinear conversion. Anapoles in LN nanodisk is facilitated by high index contrast between LN and substrate with properties of nearzero-index via hyperbolic metamaterial structure design. By tailoring the multi-layers structure of hyperbolic metamaterials, the anapole excitation wavelength can be tuned at different wavelengths. It indicates that an enhanced SHG can be achieved at a wide range of pump light wavelengths via different design of the epsilon-nearzero (ENZ) hyperbolic metamaterials substrates. The proposed nanostructure in this work might hold significances for the enhanced light-matter interactions at the nanoscale such as integrated optics.
Introduction
Second harmonic generation (SHG) is a nonlinear optical process which combines two photons at the fundamental frequency (FF) and convert them into one photon at the second harmonic wavelength (SH) [1] . SHG has a wealth of applications in such as coherent laser sources [2] , biological imaging microscopy [3] , etc. The key of a practical SHG device is its conversion efficiency.
Confining light in nonlinear material is a way of boosting nonlinear response.
In recent years, there is a growing interest in the study of generating anapoles for various applications due to its strong light confinement ability [4, 5] . An anapole occurs when the far field radiation by electric dipole (ED) and toroidal dipole (TD) modes in Cartesian coordinates cancel each other out, and it is a non-radiative mode characterized by suppressing far field radiation therefore yielding a strong near field confinement [6, 7] . An efficient nonlinear device is feasible combining strong light confinement provided by anapoles and materials with high nonlinearity.
As an example, the THG process has been greatly enhanced on germanium nanodisk via the excitation of anapole mode with near-infrared pump light [8] . And an anapole mode facilitate the generation of SH in LN with aluminum substrate yielding a high conversion efficiency of 1.1528 × 10 −3 % at VUV regime [9] .
However, these anapoles are generated in nonlinear materials with high refractive index and a relatively narrow transparency range. In terms of wideband transparency and large nonlinearity, LN is a good choice, since it has remarkable physical properties such as electro-optic, piezoelectric, pyroelectric and SHG effect [1, 10] . It is very stable crystal with trigonal symmetry and a large transparency window. LN has a large second order nonlinearity coefficient d33 of 25 pm/V which is oftentimes exploited as SHG devices by periodically poled lithium niobite (PPLN) configurations [11, 12] . A relatively low refractive index (extraordinary refractive index ne=2.25 at 500 nm) of LN than those such as silicon [13, 14] or germanium [8, 15] makes it rarely exploited in anapole configuration since high index contrast between substrate and material is important.
In order to enhance the index contrast between LN nanostructure and substrate, metamaterials which can be tuned to be as ENZ or even negative refractive index are chosen. Among these metamaterials, hyperbolic metamaterials (HMMs), as the topology of the isofrequency surface are hyperbolic curves, have been widely investigated recently [16] . In general, HMMs can be achieved by consisting of alternating layers of metal and dielectric [17] or as an array of nanowires [16] . Here HMMs are employed here exploiting their near ENZ and low effective permittivity property which assists a high index contrast between LN nanostructure and the substrate.
In this letter, we theoretically present a nanostructure for SHG application as shown in Figure 1 The nanostructure consists of three parts: LN nanodisk on the top, HMM at the bottom consisting of 16 bilayers of alternating silver (Ag) [18] and silicon dioxide (SiO2) [10] layers and a SiO2 spacer layer with particular designed thickness sandwiched between LN nanodisk and HMM. The nanostructure lies on a glass substrate. The vector ⃗ ⃗ represents the wave vector of the incident light and ⃗⃗ indicates the x-polarized incident field.
The paper is structured as follows: firstly, the dispersion property of the multilayered HMM is engineered and geometry parameters of nanostructure are optimized. Secondly, the scattering spectra and electricfield distributions are investigated to achieve the anapole resonance, which is further analyzed by the multipolar decomposition method. Afterwards, the SHG performance is evaluated by nonlinear simulation of the optimal nanostructure. The dependences of SHG conversion efficiency with respect to the parameters of the input source are investigated. At last, comparisons of the state of the art in SHG are presented.
Optimization of HMM
In order to achieve high index contrast between LN nanodisk and substrate facilitating anapole excitation, a low effective refractive index substrate constituted of HMM is employed. In general, HMMs are made of alternating subwavelength-thickness layers of metal and dielectric which have opposite sign of permittivity facilitating a large tuning range of effective permittivity.
The effective permittivity of HMMs are oftentimes investigated via effective medium theory (EMT) [16, 19] .
In short, EMT allows to estimate the parallel component of On the other hand, the Type II HMMs with uniaxial anisotropic ( , < 0; > 0 ) show more metallic characteristics such as low transmission and high reflection which is beneficial for supporting the anapole excitation inside LN nanodisk [21, 22] .
The target wavelength of SHG is short wavelength around 200 nm-300 nm, therefore HMMs that allow a range of 200 nm-1000 nm covering the pump light wavelength and SH is favorable. In terms of metallic materials, silver (Ag) which has small absorption loss and small real part of the permittivity in the targeted wavelength is more suitable than some others such as gold (Au) [18] or aluminum (Al) [10] . Figure 2B where the blue area corresponds to Type II HMM regime. This HMM configuration will be employed as a low effective index substrate supporting LN nanodisk whereas the material and thickness of terminating layer i.e. interfacing between HMM and LN nanodisk will be tuned according to its ability of high field enhancement which will be presented in the next section.
Results and discussions 3.1 Optimization of LN nanostructure
The purpose to optimize the nanostructured LN-nanodisk geometry is to obtain high field enhancement in nonlinear material therefore enhancing nonlinear response. In order to achieve that, the spacer layer between LN nanodisk and HMMs is SiO2 since it has negligible absorption loss within the considered wavelength range. The optimal thickness of SiO2 spacer layer and geometries of LN nanodisk are determined via three-dimensional finite-difference timedomain (Lumerical FDTD) simulations. The incident field is a broad bandwidth total-field scattered-field (TFSF) source and the simulated structure is shown in Figure 1 .
Perfectly matched layer (PML) boundary conditions are employed in all three dimensions simulating a finite structure size. The optimal SiO2 spacer layer thickness is the one that allows high field enhancement in LN nanostructure [23, 24] . Therefore, the averaged intensity enhancement which is defined as the ratio of the averaged volumetric field integration in LN nanoparticle with that of field amplitude 0 in the incident wave as 〈| ⁄ | 〉. is performed and the result is shown in Figure 4C . The optimal one is depicted by the dashed blue circle corresponding to parameters of diameter (D=432 nm) and height (H=104nm) which yields high field enhancement. A suitable height-to-diameter ratio (Height/Diameter defined as the geometrical aspect ratio) is also important for the potential of anapole excitations [13, 26] and here the optimal aspect ratio Height/Diameter is ~0.24.
Total scattering spectra of the optimal nanostructure are simulated and the averaged field enhancement factor in the wavelength range between 200 nm and 1000 nm is investigated as shown in Figure 5A . and HMMs, we will investigate whether this mode is an anapole or not via multipolar decomposition in the next section.
Multipolar decomposition
In order to understand the origin of the large obtained field enhancement at the local dip wavelength of the total scattering cross section, multipolar decomposition analysis is performed. The total scattering cross section can be decomposed as the sum of radiations from different electric and magnetic multipoles as follows [27, 28] In view of each multipole mode of multipole decomposition influenced by the nanostructural properties including the effects of spacer layer and complicated substrate on spectral shifts [26, 29, 30] , the decomposition up to quadrupoles while neglecting other higher order multipoles is performed by finite element method (COMSOL Multiphysics) in spherical coordinates for the stability of calculations and the result is shown in Figure   6A . Due to the neglect of other higher order multipoles' contributions, the sum scattering cross section is a bit different from that displayed in the top figure of Figure 5A where all the multipoles contributions are taken into account [31, 32] . The spherical ED mode of radiation suppression in spherical coordinates normally is caused by interference with other multipoles. In order to find out this, TD mode which is neglected in spherical coordinates [33] multipolar decomposition is calculated by integration of the currents within the nanostructure in Cartesian coordinates.
In Cartesian coordinates, the radiated moments of Cartesian ED and TD can be derived from the scattering current density as follows [34, 35] . The intersection between the Cartesian ED and TD modes near 580.8 nm (gray dashed line in Figure 6B corresponding to the first-order anapole of this nanostructure) shows the destructively interference in the far field which yields to the excitation of anapole. The slight difference between the intersecting wavelength at 580.8 nm for far field and the resonant wavelength at 565.4 nm for near field (gray dashed line in Figure 5A ) indicates the deviation of anapole wavelength resulting from the mismatch between the resonant positions in the near field and far field [37] . Therefore, both the suppression of spherical ED far field radiation and the intersection between the Cartesian ED and TD modes unambiguously reveal the physical origins of the first-order anapole mode of the nanostructure. The first-order anapole mode brings enhancement of the near field for realizing a large enhancement in SHG.
Nonlinear simulations
Thanks to the anapole excitation in the nanostructure, maximum field enhancement reaches up to ~35. SHG is studied employing the optimized parameters from above with LN nanodisk lying on HMMs and the substrate is SiO2 (schematically shown in Figure 1 ).
Phase-matching conditions [1] is not necessary due to the nanometrical thickness of the structure. In general, the nonlinear coefficient matrix of trigonal symmetric structure is as follows [1] : 31 
   (7) In LN the largest second order nonlinear susceptibility is Figure 7A where there are two peaks corresponding to pump and SH respectively. As expected, the high fundamental field observed in Figure 7B induces an enhancement of the SHG field localized inside the LN nanodisk. The SHG conversion efficiency is estimated via the equation as follows [38, 39] :
is the power of the fundamental wavelength i.e. the pump light, is the power at the SH wavelength. Figure 7B that the strong enhancement of SHG conversion efficiency originated mainly from the localized concentrated electromagnetic field in the LN nanodisk induced by the anapole mode (i.e. at fundamental wavelength). The SHG conversion efficiency can be improved by optimizing the pump light conditions such as pulse duration and peak intensity. The results of the obtained SHG conversion efficiency with respect to pulse duration and peak intensity are shown in Figure 8 where the structure parameters are the same as that employed in Figure 7A . And the SHG power as a function of pump intensity is shown in the inset of Figure 8B . As can be seen from Figure 8A , the optimal value of pulse duration is about 90fs which yields a SHG conversion efficiency up to 5.1371 × 10 −5 . When the incident pulse duration is more than 90fs, the SHG conversion efficiency will saturate and decrease which is known as the cavity phenomena [40] . With regard to pump light peak intensity, the optical damage threshold of LN is considered as larger than 70 GW/cm 2 [1] . Therefore, the largest peak intensity in Figure 8B is considered only up to 50 GW/cm 2 and the largest obtained SHG conversion efficiency is at the order of ~10 -4 . Also as shown in the inset of Figure 8B , the SHG power is proportional to the square of the pump intensity, which shows a very good agreement with the second-order nature of the SHG, confirming the SHG process.
Where
As shown above in the article, the anapole-assisted nanostructure obtained here is to enhance nonlinear effects efficiently. Table 1 
Conclusion
In conclusion, an approach to enhance the near-field effects 
